ABSTRACT A novel volumetric shooting and bouncing ray (VSBR) method is first proposed to analyze the electromagnetic scattering from in-homogeneous plasma sheath. The propagation of electromagnetic waves in a plasma sheath can be accurately traced by using rays in volumetric-meshed cells. The algorithm starts with tracking the ray tubes in the plasma sheath with high efficiency. Then, the reflection and transmission coefficients can be obtained by using the theory of electromagnetic waves' propagation in the lossy medium. At last, the scattering far fields can be easily calculated by taking the scattering field of each tube into consideration. As a comparison, the state-of-the-art high-frequency algorithms cannot deal with inhomogeneous lossy mediums of rapid varying. Meanwhile, it should also be noted that the proposed method can provide a more accurate result for analyzing layered plasma sheath than traditional high-frequency methods. Moreover, in this paper, the cubes' model with a different dielectric parameter, blunt cone, and hyper-sonic models are calculated with the finite-difference time-domain method (FDTD), the volumesurface integral equation method (VSIE), the traditional high-frequency method, and the proposed method. The results demonstrate the accuracy and efficiency of the proposed method.
The electromagnetic scattering analysis of the plasma sheath has attracted increasing attention in recent years. It has a significant effect on vehicle identification, recognition, signal communication and flight control. The interaction between the electromagnetic wave and plasma includes reflecting, refracting and absorbing, which will influence the radar detection. As a result, it will lead to the black barrier phenomenon since the energy of the electromagnetic wave decays in the plasma sheath.
In the last decades, a lot of research has been done to obtain the EM characteristics of the plasma sheath object. The electromagnetic scattering characteristics of the plasma sheath is firstly calculated by the Born approximation method [1] . Studies were then mainly concerned with the frequency The associate editor coordinating the review of this manuscript and approving it for publication was Ying Liu. of the L and S bands. In 1992, Gregoire et al. used the Wentzel-Kramers-Brillouin (WKB) method to analyze the collision and absorption characteristics of the EM wave in the plasma sheath [2] . Subsequent to this, the EM wave propagation properties in a moving non-uniform plasma were studied by combining WKB methods and relativistic effects [3] . In 2001, Shiet al used a numerical method to consider the electromagnetic reflection problem of a conductive plane covered by magnetized non-uniform plasma, where the plasma electron density distribution is assumed to be a parabola [4] . Then some new numerical methods have been proposed to analyze the scattering from plasma sheath, in which the fluid dynamic equation is used to obtain the flow fields. In 2007, Yuan and Shi calculated EM scattering by plasma spheres with a plasma layer with Drude model adopted [5] . In 2009, Bhaskaret al. studied the radar cross section of a flat plate covered with cold colliding non-uniform plasma [6] . Lately, a numerical procedure for the analysis of electromagnetic scattering by a hyper-sonic cone-like body flying in the near space was presented [7] . Also, some studies of solving the Navier-Stokes equation to resolve the flow fields were done with modified WKB method [8] and Born approximate method [9] . In addition, Guo et al. have investigated the influence of the electromagnetic wave's scattering characteristics on the dusty plasma by using JE convolutionfinite-difference time-domain (JEC-FDTD) method [10] .
However, the computation consumption of rigorous numerical methods is insufferable for electrically large targets. Therefore, the development of high-frequency methods has a great significance. In recent years, the physical optics (PO) formulations and generalized reflection coefficient theory have been derived for conductive objects with inhomogeneous plasma coverage. It can be used as an efficient tool to analyze the arbitrarily layered plasma [11] . However, it will have a bad performance for in-homogeneous plasma whose medium changes rapidly varying positions.
In this paper, the new shooting and bouncing ray method (VSBR) based on the tetrahedral meshing is presented to analyze the plasma sheath targets. Considering the propagation inside the in-homogeneous plasma mediums, the electromagnetic waves are tracing by ray tubes. With the application of fluid field simulation software (CFD-FASTRON), the fluid field distribution of the in-homogeneous plasma around the vehicle is achieved. By using the Debye model, the equivalent permittivity of each plasma cell is calculated. It should be noted that the permittivity is mapped to each tetrahedron cell. In this way, the equivalent permittivity of the in-homogeneous medium target can be accurately modeled. At last, the contribution of all rays through the medium body are considered to get the scattering field. Numerical results are given to validate the accuracy and efficiency of the proposed method.
II. VOLUMETRIC PLASMA SHEATH MODEL
In this section, a plasma sheath model based on tetrahedral meshing is established. As the tetrahedral cells are small enough, each cells can be approximated as a uniform medium in the entire non-uniform plasma sheath region. The whole process is shown in Fig 1 (e) .
A. TETRAHEDRAL CELLS IN PLASMA SHEATH
As shown in Fig 1 (a) and (b), the plasma sheath is tetrahedral meshed to obtain a large number of separate uniform lossy medium cells. The interfaces of tetrahedral cells are divided into three cases:
Case 1: The air and medium interfaces. Case 2: The interface between two mediums. Case 3: The interface between the medium and the metal part of the model. The ANSYS software is employed to model and mesh the 3D plasma sheath object. The global scale is usually set to 1/8 of the operating wavelength. It ensures that the mesh of the target can describe its shape. If the size of the tetrahedral cells is too small, the unknowns will increase a lot, thus the calculation time and memory will be improved greatly. 
B. RAY TRACING IN PLASMA SHEATH
According to the ray tracing method, the outermost discrete triangular facets (Case 1) of the tetrahedron at the target VOLUME 7, 2019 surface are regarded as discrete initial ray tubes. The rays are directly emitted from the surface of the target. The ray direction of the first reflection and transmission at the target surface are considered as the initial exit direction. Considering the propagation of rays inside the mediums, it is necessary to determine whether reflection and transmission will occur when the rays propagate to the interface of two tetrahedral cells (Case 2). As shown in Fig 1 (c) , if the dielectric parameters on both sides of the interface are the same or with little difference, the change of the ray propagation path can be neglected and the wave passes through directly. If the dielectric parameters differ greatly, the direction and electric field of the corresponding reflected and transmitted rays are calculated according to the reflection and transmission rule. Total reflection occurs when a ray incident on the interface between the medium and the metal part (Case 3). As shown in Fig 1(d) , the ray will stop transmitting or reflecting after several number of bounces. This threshold number is dependent on the loss of the medium.
C. PLASMA FLOW FIELD SIMULATION
The flow field distribution of the inhomogeneous medium is computed by CFD-FASTRON software [12] , [13] . As the condition of the height and Mach flight speed, the CFD-FASTRAN software is divided by hexahedrons and the number of vertices on the hexahedrons equals to the number of unknowns. Each unknown represents the values of temperature and pressure [13] . From the unknowns extracted the electron density n e and the temperature T , plasma frequency ω p and collision frequency ν e can be calculated as follow [8] :
Then by using the Debye model, which is a good approximation for steady-state and nu-magnetized plasma [14] , the real and imaginary parts of the complex permittivity in each cell can be expressed as:
Here, n e is electron density and kk is Boltzmann constant, ω is the incident wave frequency, ω p is the plasma frequency, ν e is the collision frequency, ε r is the equivalent permittivity of the plasma, and the permeability µ r is 1.0.
D. MAPPING PERMITTIVITY
The ε r in the hexahedron cells is first to be calculated. Then, the ε r should be mapped to the tetrahedral cells. Each value of the vertices is mapped to each tetrahedral cells. Then an average value is obtained while mapping the ε r and µ r in each tetrahedral cell.
III. WAVE PROPAGATION THROUGH PLASMA SHEATH
The plasma sheath is considered as an aggregation of different lossy mediums. The electromagnetic waves propagating through the interface of different medium will produce reflection and refraction. If each medium is nonconsumable, according to Snell's law, the angle of reflection and refraction can be easily obtained. However, as the plasma sheath is a lossy medium, at the interface, the relative permittivity and permeability of the lossy medium are expressed as a complex number. Thus, the traditional law is not relevant to further transmission analysis and the non-uniform plane wave is used to analyzing the lossy medium [15] .
A. PROPAGATION OF NON-UNIFORM WAVE
Non-uniform means the directions of constant phase and amplitude planes of the wave are not identical and there is an angle θ (0 < θ ≤ π 2) between them [16]- [18] . As illustrated in Fig. 2 , a non-uniform wave with amplitude vector α 1 and phase vector β 1 propagate from medium 1 to medium 2 through the interface. α 2 is the amplitude vector of the transmitted non-uniform wave and β 2 is the phase vector. It is supposed that the incident wave propagation vector is a complex vector γ 1 = α 1 + j β 1 . θ 1 is the angle between α 1 and β 1 . When the incident wave pass, the angle between the interface normal vectorn and phase vector β 1 denoted by ϕ 1 . The angle in medium 2 between the phase vector β 2 and normal vectorn is ϕ 2 . Meanwhile, the angle between α 2 and β 2 is θ 2 [15] . According to the Adler-Chu-Fano formulation [16] , the propagation vector between medium 1 and medium 2 are expressed as:
where i is the medium number and ζ i = ϕ i + θ i .The relationship between the propagation vector and intrinsic propagation constant γ 0i defined above is as:
The constant γ 0i is only related to the medium characteristic as:
where the complex relative permittivity and permeability of medium i is ε ri = ε ri − jε ri and µ ri = µ ri − jµ ri . By applying equation (4), the equation (7) is obtained as:
It is assumed that electromagnetic waves are time harmonic electromagnetic waves and the phase is continuous at the
where α 2 and β 2 can be obtained by the equation as: (10) in which the α 1 , β 1 and α 2 , β 2 is solved. Meanwhile, the angle ϕ 2 and θ 2 in medium 2 can be solved. This expression is suitable for ray tracing techniques and provides a clear structure of ray propagation in dielectrics. There is a problem of angle ambiguity in the solution process, which is studied in detail in [19] . When the individual propagation vectors of the incident, reflected, and transmitted waves been obtain, it is also easy to calculate the reflection and transmission coefficients.
B. FIELD TRACING IN LOSSY MEDIUM
In part A, the propagation vector of the incident, reflecting, and transmitting wave in lossy mediums provide a basic tracing path for the new VSBR method. There is also a need to calculate the field strength transfer of rays. Thurs, the reflection and transmission coefficient is solved as follows: The Maxwell's equations show as
which can be expressed by propagation vector γ as:
The boundary condition at the interface is defined as:
It is supposed that the incident electric field of vertical polarized wave is E i =ê y E 0 e − γ i · r . By applying equation (14) and the equation γ 1 · r = γ 2 · r, the equation (7) is obtained as:
where the R ⊥ and T ⊥ is the reflection and refraction coefficient. Substituting equations (12) and (15) 
In addition, if the incident wave is a horizontal polarized wave, the Incident magnetic field is − → H i = − → e y H 0 e − − → γ i · − → r . Then the equation (16) can be rewritten as:
Furthermore, the reflection coefficient and the transmission coefficient of the parallel-polarized wave can be obtained as: R = −ε 2 (α 1 cos ζ 1 +jβ 1 cos ϕ 1 )+ε 1 (α 2 cos ζ 2 + jβ 2 cos ϕ 2 ) ε 2 (α 1 cos ζ 1 +jβ 1 cos ϕ 1 )+ε 1 (α 2 cos ζ 2 +jβ 2 cos ϕ 2 ) T = 2ε 2 (α 1 cos ζ 1 +jβ 1 cos ϕ 1 ) ε 2 (α 1 cos ζ 1 +jβ 1 cos ϕ 1 )+ε 1 (α 2 cos ζ 2 + jβ 2 cos ϕ 2 )
Eventually, the reflection coefficient and transmission coefficient of horizontal and vertical polarized waves of nonuniform plane wave in lossy mediums are solved [20] , [22] .
C. FAR FIELD SCATTERING INTEGRAL
Far-field scattering of the target is the cumulative contribution of all the field contributions from the ray tube after being reflected by the target surface and after transmission [21] . When the ray is directed at infinity or reaches the threshold number of bounces, the ray tracing is stopped and the far-field scattering field is calculated.
By using the electric field and magnetic field, the equivalent electromagnetic flow density can be calculated. The current density is J S , and the magnetic flow density is M s .which defined as:
When the ray is incident on the surface of the medium from the air, the contributions of the incident field and the reflected field are considered. When the radiation exits the VOLUME 7, 2019 medium into the air, only the effect of the transmitted field is taken into account. The far-field scattering electric field is obtained by accumulating the fields generated by these equivalent electromagnetic currents as (21) where, η is the wave impedance in free space.r is far field scattering field direction. r is the intersection of the ray at the target-air interface.
IV. NUMERICAL RESULTS
This section shows a series of test simulations, starting with simulating simple lossy medium objects, ending with simulating plasma sheath objects. In our simulations, all the computations in this section are carried out on the computer of Intel Xeon E7-4850 CPU equipped with 8GB RAM.
A. LOSSY CUBE TARGET
Firstly, as shown in Fig 3(a) , a cube structure of 12 mixed lossy medium sub-blocks with the frequency of 1GHz in the standard atmosphere is analyzed to verify the validity of the proposed method. The entire cube medium consists of twelve small cube mediums. The size and dielectric constant of each small cube is shown in Fig 3 (a) . ε r is the complex dielectric constant and there are 12 cases in total. The permeability µ r is 1.0. The angles of the incident wave vector are
It demonstrates the relevance of the new VSBR method. The reference solution is computed with FEKO_FDTD solver. As Fig. 3 (b) shows, in most angles, the result of VSBR method and FEKO_FDTD method can be approximated the same. In this case, the threshold for the number of bounces of the rays is set to 10. Besides, the comparison of computational efficiency between the two methods is given in Table 1 . In all the following examples, the error is defined as: 
B. LOSSY CONE TARGET
Then, as shown in Fig 4, we investigate a cone object with 3 cases of layered coated lossy medium surrounding. Dielectric constant are ε r = (0.90, −0.1). The size of the object is shown in Fig 4. Meanwhile, as shown in Table 2 , the thicknesses of coated mediums for the 3 cases are 0.02meter, 0.05meter and 0.10meter. We calculate the monostatic RCS of the 3 cases objects with the angle
The frequency is 3GHz. We use the FEKO_FDTD method, the traditional triangular meshing method (PO) and the VSBR method to calculate this object. The comparing results of three methods are given in Figs. 5 (a), (b), (c) , which corresponds to the condition of different thickness of the coated medium. Moreover, we separately give the RCS error of the traditional PO method and VBSR in Fig 5(d) , which is compared with FEKO_FDTD method. As shown in Fig. 5 (a), (b) , (c), in most angles, the result of VSBR method has good performance compared with FEKO_FDTD method while the traditional (PO) method performed worse. Obviously, as shown in Fig 5(d) , with the increase of the thickness, the error of VSBR method is much less than the traditional (PO) method. The FEKO_FDTD method is used as a benchmark. The variation of the error for VSBR is slower while the accuracy of the traditional PO method becomes poor. In this case, the threshold for the number of bounces of the ray is set to 5. Also, for Case 3, the comparison of computational efficiency between the three methods is given in Table 3 as an example. We set the frequency of the illuminating radar wave as 3GHz, and the plane wave is incident on the warhead head. The angles of the incident wave vector is
• The result of reference solution computed by the FDTD, VSIE and VSBR solver is shown in Fig 7. Besides, the comparison of computational efficiency among three methods is given in Table 4 . It is obvious that the VSBR has a highly efficiency. Speed up rate is about 120 in this example. It is worth noting that the VSIE method is also a tetrahedral-mesh method, and the unknowns are the same as the VSBR. In this case, the threshold for the number of bounces of the ray is set to 20. We also calculated the RCS results with a threshold greater than 20 and found that the results have converged.
Simultaneously, we give comparing calculation results by varying mesh sizes. The result is shown in Fig 8 (a) . For the 5 cases, the distributions of equivalent permittivity are the same before mapping to each tetrahedral cell. The computing error between the VSBR and the FDTD method is given in Fig 8 (b) . As can be seen from Fig. 8 (a) and (b) , when the mesh scales are 1/3λ, 1/5λ and 1/6λ, the error is extremely large. When the mesh scale less then 1/8λ. The error is less than 5dB. The FDTD method is used as a benchmark. The unknown amount of 5 different mesh sizes of the plasma sheath and the computation time is given in Table. 5. Fourthly, another example shows the bistatic RCS of a larger metal warhead at a height of 30 km and a speed of 10 Mach. The radius and length of the Warhead are 0.5m and 3m, and the plasma stealth has a radius of 2 m and a length of 6 m. Simulation results which show the distribution of the flow field and the distribution of equivalent permittivity are shown in Fig.9 . We set the frequency of the illuminating radar wave as 1 GHz, the plane wave is incident on the warhead head. The angles of the incident wave vector is θ i = −45 • , ϕ i = 0 • ,observation range ϕ = 0 • , θ = 0 • ∼ 360 • . The result of reference solution in different incident angles calculated by the FDTD and VSBR solver is shown in Fig.10 . The calculation time of VSBR method is about 1.8 hours which is much less than the time of FDTD. The unknowns are 11milions. In this case, the threshold for the number of bounces of the ray is set to 30. 
V. CONCLUSION
The RCS of a hypersonic model cover with inhomogeneous plasma has been studied by the tetrahedron-meshed VSBR method. Firstly, the propagation of electromagnetic waves in the tetrahedral meshed plasma sheath is predicted by the ray tracing method. Then the flow field can be obtained by mapping the permittivity to each tetrahedron cell. At last, the nonuniform plane wave is used to analyze the propagation in the plasma sheath. Compared with the traditional trianglemeshed high-frequency method, the proposed VSBR method can be used as an efficient tool to analyze the plasma sheath with random shapes and varying mediums. Meanwhile, both the time and resource consumption of the proposed VSBR method has a better performance than the FDTD and VSIE methods.
